This paper describes a multivariable controller design procedure that uses mixed-sensitivity H-infinity control theory. The design procedure is based on the assumption that structural noise can be modeled as entering a state-space system through a random input matrix. The design process starts with a full-order flexible state-space model that undergoes a frequency-weighted balanced truncation to obtain a reduced-order model with excellent low frequency matching. Weighting functions are then created to specify the desired frequency range for disturbance rejection and controller bandwidth. A structural noise input matrix is also designed to identify system modes where maximal damping is desired. An augmented plant is then assembled using the reduced-order model, weighting functions and structural noise input matrix to create a mixed-sensitivity configuration. A state-space controller is then realized using an H-infinity design algorithm. 
INTRODUCTION

A 174
th order, discrete-time, state-space model of a doubly cantilevered beam and its frequency response data was derived from input-output measurements. The system has 2 inputs and 3 outputs, with one of the outputs being highly non-collocated. The system configuration is shown in Figure 1 .
The first five significant bending modes of the system are located at 16 Hz, 37 Hz, 101 Hz, 193 Hz, and 284 Hz. The system exhibits very large amplitude oscillations when excited at these frequencies. The design objective is to create a controller that will dampen beam oscillations for these bending modes along with any other system modes in the lowfrequency band (3 Hz -300 Hz). The methods used in this design process can be applied to flexible body control for both space and ground based systems.
The model reduction objective is to obtain a 40 th order model that best approximates the 174 th order model in the lowfrequency band. The reduced model is anticipated to sacrifice high frequency model accuracy for the attainment of a smaller system model. Ultimately, this reduced model will be used to obtain a reduced-order controller.
FREQUENCY WEIGHTED MODEL ORDER REDUCTION
A third-party frequency weighted balanced truncation (FWBT) algorithm is used to generate a reduced order model. The SLICOT 'fwbred' 1 MATLAB function uses the SLICOT AB09ID 1 library. To obtain the desired 40 th order reduced model, a frequency weighting function is created to emphasize frequency regions where close matching is most important. The singular values of the frequency weighting function are plotted in Figure 2 along with the minimum and maximum singular values of the original and reduced models. Figure 2 is very useful to get an overall picture of how well the reduced model's matching is, as singular values reflect all input-output paths of this multiple-input-multiple-output (MIMO) system. In the range below 2 kHz, it is difficult to distinguish one model from another. The plots are practically identical. It is in the region above 2 kHz that a divergence can be noticed. Although high-frequency divergence is clearly visible, it is also clear that the reduced model shoots a rough average of the response in this region. This is a desirable approximation when compared to other possible highfrequency approximations, like simple roll-off or a 0-dB gain. 
H-INFINITY CONTROLLER DESIGN
This section will focus on mixed-sensitivity H-infinity controller design for the 174 th order doubly cantilevered beam system. The first objective will be to formulate the mixed-sensitivity problem used for this design. Following will be the selection of the weighting functions to be used in the plant augmentation. Finally, the resulting H-infinity design will be analyzed for stability and robustness from input disturbances and state-noise.
Problem Formation
There are many different formulations of the mixed-sensitivity H-infinity problem 2 . For this system, the reference input is set to zero and is omitted from the feedback configuration. In Figure 3 , there are several disturbance inputs shown: d i represents input or actuator disturbance, d sn represents a state-noise disturbance that enters the plant via a different input path, d o represents an output disturbance, and finally d sens represents sensor noise. The state-noise disturbance d sn will be included in the augmented plant, as seen in Figure 4 , as a third external input w (3) . This modification will allow the design algorithm to treat this additional external input as an input disturbance.
For the plant augmentation, the state-noise input matrix B n shall be assigned values whose magnitudes correspond to the desired increase in pole damping at the associated system modes. This correspondence is contingent on having the Amatrix in 2-by-2 block-diagonal modal-canonic form. It can be observed in Figure 4 that the controller does not have access to w (3) , and can only regulate this third input's effect on the plant indirectly, via the other two actuation inputs.
In the H-infinity controller design, the objective will be to reduce the impact of input and state disturbances as seen at the output of the plant. The augmented plant will be formed using the reduced 40 th order model previously obtained. The input sensitivity matrix, S i , is defined to be the transfer function between the disturbance input d i and the input to the plant u h . R i is the transfer function between the disturbance input d i and the output of the plant y h . T i is defined to be the input complementary sensitivity matrix. The matrices S i , R i and T i are shown in Equations 1-3. It should be noted that the transfer function R i will be used later as the closed-loop transfer function of the system.
One of the main design objectives is to make the transfer function R i as small as possible. However, it will not be possible to make R i small for all frequencies due to stability constraints. Thus, a more realistic goal is to make R i small for the frequencies of interest, i.e. the intended controller bandwidth. In order to restrict the minimization of R i to a specific frequency range, the input complementary sensitivity matrix T i will be used to limit control effort outside of the intended controller bandwidth. By frequency weighting R i and T i , a mixed-sensitivity problem can be formulated.
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Three weighting matrices are applied to the aforementioned functions to form the following cost function:
The mixed-sensitivity H-infinity problem can then be formulated using cost function T zw :
Minimize: 
Design Procedure
In order to build the augmented plant, the matrix B n had to be selected in addition to the weighting matrices. In the final closed-loop system configuration, state-noise can be thought of as entering the system through an unknown matrix B n . However, for the purpose of the H-infinity controller design, the elements of the B n matrix were assigned according to a bandpass filter as shown in Figure 6 . Larger magnitude values in B n will correspond to system modes at which maximum closed-loop pole damping is desired.
Furthermore, the sign of each element in B n was hand-selected to meet several objectives. Because the matrix B n will be ultimately appended to the reduced order B r matrix, the value and respective sign of each element in B n will contribute to changes in the compensated open-loop transmission zeros. This is not necessarily a problem, as long as none of the transmission zeros are moved very close to the unit circle from a former position that was initially much closer to the origin. The reason for this requirement is that the H-infinity control algorithm will seek to compensate these artificial transmission zeros by placing controller poles in the same vicinity. But in the real system, state-noise does not actually enter through the B n used in the design process. Thus any controller poles placed near the unit circle for compensation would produce an undesirable magnitude increase in the closed-loop frequency response, due to the fact that there aren't really transmission zeros in those locations. Viluu of ths mitrI utid I thiH_ controllsr duign
.. The hand-selection process heavily relied on a singular-value comparison between the measured system frequency response data, and the appended reduced order model ( Figure 5 ). Throughout the iterative design process, very sharp downward spikes in the minimum singular value of the augmented reduced order model that are not present in the original plant must be avoided. Those would be the aforementioned unwanted lightly-damped transmission zeros. None are present in Figure 5 , because they were eliminated in previous design iterations by changing the signs in B n . It is important to understand that the controller does not have access to the system via the state-noise input. Therefore, the only way for the controller to minimize the MIMO transfer function from the input at B n to each of the respective system outputs is to increase the closed-loop pole damping, which is the main control design objective.
The selection of weighting functions (unrelated to the selection of B n ) to be used in the plant augmentation was largely a trial and error process. The starting point was to try a 0 dB allpass filter for W 2 , while assigning W 1 and W 3 to zero. The resulting controller was combined with the full-order model to form an unstable closed-loop system.. Note that the design approach uses a reduced-order model in the appended plant configuration. This means that the design algorithm will guarantee a stable closed-loop system when the controller is combined with the reduced-order model. However, the objective is to obtain a reduced-order controller that stabilizes the real system, which is best approximated by the fullorder model. As seen in Figure 2 , the reduced-order model does not capture the same high-frequency response as the full-order model. Thus a design that results in instability at high frequency was not surprising. The next step was to try implementing a highpass filter for the W 3 weighting function to decrease the controller gain in the high frequency region. Unfortunately, instability still occurred at very low frequencies (less than 1 Hz). Thus, a bandstop filter was tried for the weighting function W 3 . This resolved stability issues in the lower frequency range, but the high frequency region was still not entirely stabilized. By choosing a lowpass filter for the W 2 weighting function, a much smaller controller gain was obtained in the high-frequency band. Adjustments to the weighting function gains, filter orders, and cut-off frequencies led to the final design.
In the final design, Butterworth filters for the weighting functions were created with the parameters described in Table 1 . W 1 can be used to weight the "tracking" performance of a control system. Because the control objective is simply to reduce the output magnitude, the W 1 weighting function is not required for this control problem and is set to zero. 
Gain
Synthesis and Analysis
For H-infinity design synthesis, the SLICOT based MATLAB function 'dishin' 3 which uses the SLICOT SB10DD After observing Figure 7 , it can be seen that closed-loop singular values are, in general, much smaller in magnitude than the plotted singular values of the original plant. In particular, the first five major modes peak at over 30 dB in the original plant, while the closed-loop system manages to contain these peaks to less than 0 dB. In the controller roll-off region, between 300-Hz and 1-kHz there is little to no increase in the system response, an indication of very little controller spillover. 
Performance Analysis
In order to investigate the impact of state-noise on the system, the transfer function from w(3) to the outputs y(1:3) (see Figure 4 ) was determined using random Gaussian zero-mean values for the matrix B n , which has 174 rows and only one column. For the purpose of evaluating state-noise reduction in the control bandwidth, only the values in B n corresponding to modes covering the range 16 Hz -550 Hz were assigned nonzero values. Outside of this range, the controller gain is very small; thus, the response from the closed loop system will, ideally, match the open-loop plant very closely.
Ten independent trials were conducted with different random values assigned to B n . For each trial, the random values in B n were assigned a variance of 1/10. The results were then averaged to obtain the transfer functions plotted in Figure 13 Drping Ratio been greatly reduced in the closed-loop system. This design is successful in reducing sensitivity to state-noise on these particular modes. There is a direct correlation between the pole damping seen in Figure 9 and Figure 10 and the reduced state-noise sensitivity that is demonstrated in Figure 13 .
Figure 12: Perturbed plant pole frequency variation is shown as a percentage, which is assigned as a function of corresponding pole damping ratio. Poles with greater damping are harder to determine in the system identification process, and thus are varied more than poles with very little damping.
To demonstrate control robustness, the original plant was perturbed by varying the pole frequencies as a function of damping ratio. This pole variation necessitates having the A-matrix in 2-by-2 block-diagonal modal-canonic form. Using the frequency variation profile from Figure 12 , two perturbed systems were generated: one with positive frequency variation, and a second with negative. Recall that the original plant was generated using a system identification process. Thus, poles that are very lightly damped will produce greater oscillations in the identification process and will be more accurately identified than more heavily damped poles which produce relatively small oscillations. It is conceivable that other sources could contribute to plant variation. Thermal deformations, to name one example, could contribute to pole movement in the actual system both for lightly and heavily damped poles. However, for this study, it was assumed that such contributors would be relatively small. By modifying the augmented plant formulation (Figure 4 ) accordingly, the design could be tailored to better cope with significant plant variations caused by other sources. Figure 13 and Figure 14 plot the closed-loop performance with pole frequency variation in addition to the nominal closed-loop performance.
Time domain simulations were performed to further analyze the damping performance of the closed loop system. The state-noise input matrix, B n , was once again assigned Gaussian random zero-mean values for elements corresponding to modal frequencies between 16 Hz and 550 Hz. The impulse response from the state-noise disturbance input d sn to output 3 was simulated, and the results are shown in Figure 14 . Simulations were also preformed for outputs 1 and 2, however they are not shown. Output 3 (the accelerometer) is the best output for evaluating damping performance, as it is highly non-collocated with respect to the piezoelectric actuators and it is also located on a thin piece of shim stock (see Figure  1) . At 0.07 seconds, the averaged mean-square response of the closed-loop system at the non-collocated sensor is almost 12 times smaller than that of the open-loop plant. This time domain simulation demonstrates the high performance and robustness of the controller design.
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